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Abstract. In fuzzy group theory many versions of the well-known Lagrange’s theorem have been studied. The aim of this article
is to investigate the converse of one of those results. This leads to an interesting characterization of finite cyclic groups.
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1. Introduction

The notion of fuzzy set was introduced by Zadeh
in 1965. The importance of the introduced notion of
fuzzy set was realized by the research worker in all
the branches of science and technology and has suc-
cessfully been exploited. Recently fuzzy set theory has
been applied in analysis and topology by Tripathy and
Baruah [10], Tripathy and Borgohain [11], Tripathy and
Das [12], Tripathy and Sarma [13], Tripathy, Baruah,
Et and Gungor [14], Tripathy and Ray [15] and many
others.

One of the most important results of finite group the-
ory is the Lagrange’s theorem. The fuzzification of this
theorem has been studied by several authors and a lot
of results one could call a Fuzzy Lagrange’s Theorem
have been obtained (see Section 2.3 of [7]). In the fol-
lowing we will focus on one of them, Theorem 2.3.17 of
[7], that will be called the Fuzzy Lagrange’s Theorem.

Fuzzy Lagrange’s Theorem. Let G be a finite group
of order n. Then O(µ) is a divisor of n, for every fuzzy
subgroup µ of G.

On the other hand, it is well-known that the converse
of the classical Lagrange’s theorem is not true for all
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finite groups. More precisely, the finite groups satisfy-
ing this, usually called CLT-groups, determine a class
between supersolvable groups and solvable groups (see,
for example [1] and [2]). In the current paper we will
investigate the analogue problem for fuzzy subgroups.
First of all, we formulate the converse of the above
theorem.

Converse of Fuzzy Lagrange’s Theorem. Let G be a
finite group of order n. Then, for every divisor d of n,
there is a fuzzy subgroup µd of G such that O(µd) = d.

By taking G of small order, we observe that the Con-
verse of Fuzzy Lagrange’s Theorem is true for the cyclic
groups Z2, Z3, ... and so on, but it fails for the Klein’s
group Z2 × Z2 (that has no fuzzy subgroup of order 4)
or for the symmetric group S3 (that has no fuzzy sub-
group of order 3). In this way, the following question
is natural: which are the finite groups G satisfying the
Converse of Fuzzy Lagrange’s Theorem?

Our following main result completely answers this
question, by proving that:

Theorem. A finite group G satisfies the Converse of
Fuzzy Lagrange’s Theorem if and only if it is cyclic.

Remark that one obtains a new characterization of
the finite cyclic groups by using “fuzzy group ingredi-
ents” (notice also that other such characterizations can
be found in our previous papers [8] and [9]).
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2. Preliminaries

Let (G, ·, e) be a group (e denotes the identity of G)
and µ : G → [0,1] be a fuzzy subset of G. We say that
µ is a fuzzy subgroup of G if it satisfies the following
two conditions:

a) µ(xy) ≥ min{µ(x), µ(y)}, for all x, y ∈ G;
b) µ(x−1) ≥ µ(x), for any x ∈ G.

In this situation we have µ(x−1) = µ(x), for any x ∈ G,
and µ(e)= sup µ(G). If µ satisfies the supplementary
condition

µ(xy) = µ(yx), for all x, y ∈ G,

then it is called a fuzzy normal subgroup of G. As in
the case of subgroups, the sets FL(G) and FN(G) con-
sisting of all fuzzy subgroups and of all fuzzy normal
subgroups of G are lattices with respect to fuzzy set
inclusion, called the fuzzy subgroup lattice and the fuzzy
normal subgroup lattice of G, respectively.

For each α ∈ [0,1], we define the level subset

µGα = {x ∈ G | µ(x) ≥ α}.
These subsets allow us to characterize the fuzzy (nor-
mal) subgroups of G, in the following manner: µ is a
fuzzy (normal) subgroup of G if and only if its level
subsets are (normal) subgroups in G.

The concept of fuzzy order of an element x ∈ G rel-
ative to a fuzzy subgroup µ ∈ FL(G) has been defined
in [6], as follows.

If there exists n ∈ N
∗ such that µ(xn) = µ(e), then x

is said to be of finite fuzzy order with respect to µ and
the least such positive integer n is called the fuzzy order
of x with respect to µ and written as FOµ(x). If no
such n exists, x is said to be of infinite fuzzy order with
respect to µ. Clearly, in a finite group G all elements
have finite fuzzy orders relative to any fuzzy subgroup
of G. Under the above hypotheses, we also have

FOµ(x) = oH (x),

where H = {a ∈ G | µ(a) = µ(e)} ≤ G and oH (x)
denotes the order of x relative to H (i.e. the small-
est positive integer n such that xn ∈ H , if there exists
such a positive integer). In particular, if H is the trivial
subgroup {e} of G, then

FOµ(x) = o(x),

the (classical) order of x in G.
Let µ ∈ FL(G). If there exists n ∈ N

∗ such that
µ(xn) = µ(e), for all x ∈ G, then the smallest such pos-

itive integer is called the fuzzy order of µ and written as
O(µ). If no such positive integer exists, then µ is said
to be of infinite fuzzy order. It follows immediately that
if G is a finite group, then

O(µ) = lcm{FOµ(x) | x ∈ G},

or equivalently

O(µ) = expH (G),

the exponent of G relative to H = {a ∈ G | µ(a) =
µ(e)} ≤ G (i.e. the least common multiple of the orders
of all elements of G relative to H).

3. Proof of the main theorem

First of all we prove two preliminary results those
will be used in establishing the main result.

Lemma 1. Let G be a finite group which satisfies the
Converse of Fuzzy Lagrange’s Theorem. Then all Sylow
subgroups of G are cyclic.

Proof. Let n be the order of G. By our hypothesis, there
is a fuzzy subgroup µn of G satisfying O(µn) = n. This
means there is a subgroupH ofG satisfying expH (G) =
n. Since expH (G) | exp(G), one obtains

exp(G) = n. (1)

Let n = p
α1
1 p

α2
2 ...p

αk

k be the decomposition of n as
a product of prime factors and i ∈ {1, 2, ..., k}. By (1),
we infer that there exists a ∈ G whose order is divisible
by p

αi
i , say o(a) = p

αi
i q for some q ∈ N

∗. Then o(aq) =
p

αi
i , that is G contains an element of order p

αi
i . In other

words, G possesses a cyclic Sylow pi-subgroup, and
therefore all Sylow pi-subgroups of G are cyclic. This
completes the proof.

Remark. In group theory, the finite groups all of whose
Sylow subgroups are cyclic are usually called ZM-
groups (see [4] and [5]). Such a group is of type

ZM(m, n, r) = 〈a, b | am = bn = 1, b−1ab = ar〉,

where the triple (m, n, r) satisfies the conditions

gcd(m, n) = gcd(m, r − 1) = 1 and rn ≡ 1 (mod m).

The subgroups of ZM(m, n, r) have been completely
described in [3]. Let
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L =
{

(m1, n1, s) ∈ IN3 | m1 | m, n1 | n,

s < m1, m1 | s
rn − 1

rn1 − 1

}
.

Then there is a bijection between L and the lattice
of subgroups of ZM(m, n, r), namely the function
that maps a triple (m1, n1, s) ∈ L into the subgroup
H(m1,n1,s) defined by

H(m1,n1,s) =
n
n1⋃

k=1

α(n1, s)
k〈am1〉 = 〈am1 , α(n1, s)〉,

where α(x, y) = bxay, for all 0 ≤ x < n and 0 ≤ y <

m.

Lemma 2. Let G = ZM(m, n, r) be a ZM-group satis-
fying the Converse of Fuzzy Lagrange’s Theorem. Then
G is cyclic.

Proof. By applying our hypothesis for d = n, we infer
that there is a subgroup H = H(m1,n1,s) of G such that

expH (G) = m. (2)

On the other hand, we have

expH (G) = lcm{oH (a), oH (b)} = oH (a)oH (b),

where a and b are the generators of G. Since oH (a) | m,
oH (b) | n and gcd(m, n) = 1, it follows that we must
have oH (a) = m and oH (b) = 1. This leads to m1 = m,
n1 = 1 and s = 0, that is

H = H(m,1,0) = 〈b〉.
Let x = aba−1 ∈ G. It is easy to see that

oH (x) | n, (3)

because o(x) = o(b) = n. By (2), one obtains that

oH (x) | m. (4)

Obviously, the relations (3) and (4) imply oH (x) = 1,
in view of the condition gcd(m, n) = 1. In this way, we
have x ∈ H , say x = bk for some integer k. It results that
ar−1 = bk−1 and therefore r = k = 1. This shows that
b−1ab = a, i.e. ab = ba. Hence G is cyclic, as desired.

We are now able to prove our main result.

Proof of the main theorem. If a finite group G satisfies
the Converse of Fuzzy Lagrange’s Theorem, then it is
cyclic by Lemma 1 and Lemma 2.

Conversely, let G = 〈a〉 be a cyclic group of order
n and d be an arbitrary divisor of n. Take Hd = 〈ad〉.
Then we can easily see that

expHd
(G) = exp(G/Hd) = |G/Hd | = d.

Define the fuzzy subset µd : G −→ [0,1] by

µd(x) =
{

1, x ∈ Hd

0, x ∈ G \ Hd
, ∀ x ∈ G.

Then the corresponding level subsets

µd
G1 = Hd and µd

G0 = G

are subgroups of G, that is µd ∈ FL(G). Moreover,
we have O(µd) = d. In other words, G satisfies the
Converse of Fuzzy Lagrange’s Theorem. �

Remark. It is well-known that all subgroups of a cyclic
group are normal. Then the above fuzzy subgroup µd is
in fact a fuzzy normal subgroup of G. This shows that
the main theorem can be reformulated in the following
way: A finite group G of order n is cyclic if and only if ,
for every divisor d of n, there is a fuzzy normal subgroup
µd of G such that O(µd) = d.

We note that our result is useful to describe the fuzzy
subgroups of finite cyclic groups.

Example. Let Z12 = {0, 1, ..., 11}be the additive group
of integers modulo 12. Then, by the Fuzzy Lagrange’s
Theorem, we know that O(µ) |12, ∀ µ ∈ FL(Z12).
Since Z12 is a cyclic group, it also satisfies the Converse
of Fuzzy Lagrange’s Theorem: for every divisor d of
12, there is µd ∈ FL(Z12) defined as above such that
O(µd) = d. For example, a fuzzy subgroup of fuzzy
order 3 of Z12 is

µ3 : Z12 −→ [0,1], µ3(x)

=
{

1, x ∈ {0, 3, 6, 9}
0, x ∈ {1, 2, 4, 5, 7, 8, 10, 11}

.

Finally, we recall that the subgroup lattice of a finite
cyclic group G of order n is isomorphic to the lattice
Ln of all divisors of n. A fuzzy version of this result can
be also obtained by using our result, namely: The fuzzy
subgroup lattice of G contains a sublattice isomorphic
to Ln. Indeed, let L = {µd | d ∈ Ln} ⊆ FL(G). Then
it is easy to see that L is a sublattice of FL(G). More-
over, the map O : L −→ Ln, O(µd) = d, ∀ µd ∈ L, is
a lattice isomorphism.
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4. Conclusions and further research

The finite cyclic groups constitute one of the most
famous classes of finite groups. A large number of char-
acterizations of these groups is known (see, for example
[4] and [5]). Our main theorem gives another such
characterization, which is based on “fuzzy group ingre-
dients”. It illustrates the powerful connection between
fuzzy group theory and group theory, that is still devel-
oped in many works.

Remark also that the class of finite groups satisfying
the Converse of Fuzzy Lagrange’s Theorem (namely
the cyclic groups) is different from the class of finite
groups satisfying the Converse of Lagrange’s Theo-
rem (namely the CLT-groups). So, the characterization
of finite cyclic groups given by this note is a specific
property of fuzzy group theory.

We end our paper by indicating an open problem
concerning the fuzzy orders of the fuzzy subgroups of
a finite group.

Open problem. Let G be a finite group of order n, Ln

be the lattice of all divisors of n and O : FL(G) −→ Ln

be the map defined by µ �→ O(µ), ∀ µ ∈ FL(G). We
observe that our main theorem describes in fact the finite
groups such that O is onto. What can be said in general
about Im(O)? Does form it a sublattice of Ln? Study
other basic properties of this map, such as injectivity,
monotony, ... and so on.
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[8] M. Tărnăuceanu, Distributivity in lattices of fuzzy
subgroups, Inform Sci 179 (2009), 1163–1168. doi:
10.1016/j.ins.2008.12.003.
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